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SECTION A 

 

 Answer any FOUR of the following:                                                                              [4 x 4 = 16] 

 

1. a. Show that 𝑁(𝑎) is a subgroup of G 

b. If 𝑂(𝐺) = 𝑝2, where 𝑝 is prime number, then prove that 𝐺 is abelian. 

c. If  𝑝 is prime number of the form 4𝑛 +1, then prove that 𝑝 = 𝑎2 + 𝑏2 for some integers 𝑎 and 𝑏. 

d. Let R be an Euclidean ring.   Suppose that for 𝑎, 𝑏, 𝑐 ∈ 𝑅, 𝑎|𝑏𝑐  𝑏𝑢𝑡  [𝑎, 𝑏] =1, then prove that 

𝑎|𝑐. 

e. Show that 𝐿[𝑆] is a subspace of V. 

f. If 𝑓(𝑥) ∈ 𝐹[𝑥] is irreducible,  then prove that 

(i) If the characteristic of F is 0,  𝑓(𝑥) has no multiple roots. 

(ii) If the characteristic of F is 𝑝 ≠ 0,   𝑓(𝑥) has a multiple root only if it is of the 

form𝑓(𝑥) = 𝑔(𝑥𝑝). 

 (OR) 

 Answer all questions from the following.                                                                       [2 x 8 = 16] 

  2.a. Let 𝜎 =  (1   5   3) (1   2),  𝜏 = (1   6   7   9), then compute 𝜎𝜏𝜎−1. 

b. Define conjugate of an element in G. 

c. State second part of Sylow’s theorem. 

d. Define Euclidean ring. 

e. Define linearly dependent vectors and linearly independent vectors. 

f. Prove that 𝑥2 + 1 is irreducible over R. 

g. Define (i) algebraic extension        (ii)    algebraic number. 

h. What is the degree of 𝑥5 − 1  over Q? 

 SECTION – B [4 x 16 = 64] 

3. a. State and prove Cauchy’s theorem. 

 (OR) 

b. (i). State and prove Cayley’s Theorem. 

(ii) Show that conjugacy is an equivalence relation on G. 
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4.a. If 𝑝𝛼|𝑂(𝐺) and 𝑝𝛼+1 ∤ 𝑂(𝐺) ,  then G has a subgroup of order 𝑝𝛼. 

 (OR) 

b. Prove that 𝐽[𝑖] is a Euclidean ring. 

5. a.(i). State and prove Eisenstein Criterion. 

(ii) Prove that for any prime p, 𝑥𝑝−1 + 𝑥𝑝−2 + ⋯ + 𝑥 + 1 is irreducible over rational. 

 (OR) 

b. If V is finite dimensional and if W is a subspace of V, then prove that W is finite dimensional, 

dim 𝑊 ≤ dim 𝑉  and 𝑑𝑖𝑚 (
𝑉

𝑊
) = dim 𝑉 − dim 𝑊 

6.a. If L is a finite extension of K and if K is a finite extension of F, then L is a finite extension of F.  

Moreover, [𝐿 ∶ 𝐹] = [𝐿 ∶ 𝐾][𝐾 ∶ 𝐹]  

 (OR) 

b.  (i). For any 𝑓(𝑥), 𝑔(𝑥)  ∈ 𝐹[𝑥] and any ∝ ∈ 𝐹,  then prove that  (1) [𝑓(𝑥) + 𝑔(𝑥)]′ = 𝑓′(𝑥) + 𝑔′(𝑥) 

(2)  [∝ 𝑓(𝑥)]′ =∝  𝑓′(𝑥)  and (3)  [𝑓(𝑥)𝑔(𝑥)]′ = 𝑓′(𝑥)𝑔(𝑥) + 𝑓(𝑥)𝑔′(𝑥). 

(ii) If F is a field of characteristic 𝑝 ≠ 0, then the polynomial 𝑥𝑝𝑛
− 𝑥 ∈ 𝐹[𝑥], for 𝑛 ≥ 1 has distinct 

roots. 


